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PREFACE
It is a capital mistake to theorize before one has data.
Arthur Conan Doyle
(Scandal in Bohemia)

Multipole expansions in electrostatics, magnetostatics, and electrodynamics provide a useful and powerful method of characterizing charge and current distributions, and the associated electromagnetic potentials and fields. When applied to
macroscopic electrodynamics, and used in conjunction with quantum mechanics
and relevant space-time properties and symmetries of physical quantities, multipole theory enables one to describe certain macroscopic electromagnetic phenomena in terms of the underlying microscopic structure — molecules for gases
and unit cells for crystals. For example, one can relate birefringences (natural
and induced), dichroisms, and reflectivities to polarizabilities and multipole moments of the microscopic unit. Where phenomena require that both electric and
magnetic contributions be considered, as in certain transmission effects in crystals, multipole theory provides a way of circumventing the otherwise intractable
nature of the problem (Section 5.13).
Although there are several excellent books on electromagnetic theory, none
concentrates exclusively on multipole theory; this despite the considerable research that has been reported on applications, and even the formulation, of
multipole theory during the last few decades. This circumstance provides the
motivation for the present book.
It might be thought that the formulation and applications of multipole theory
in macroscopic electromagnetism are, in principle, straightforward and lacking
in surprises or undue subtlety. The first indication to the contrary occurs in
linear constitutive relations for the electromagnetic response fields D and H obtained directly from multipole theory. The dynamic material constants (permittivity, permeability, and magnetoelectic coefficients) in these relations have the
surprising and unphysical feature that, for contributions beyond electric dipole
order, they are not translationally invariant (independent of the choice of origin
of coordinates). A further surprise follows: despite this defect, one can use multipole theory to construct a satisfactory theory of transmission effects. This happy
circumstance does not extend to reflection effects, for which existing multipole
theory yields fundamentally unphysical results when taken beyond electric dipole
order, notably reflected intensities that are not translationally invariant.
These difficulties arise in the following way. Multipole theory expresses observables in terms of quantities which are, in general, origin dependent: namely,
polarizabilities (and sometimes also multipole moments). Therefore, in the description of origin-independent observables, the theory should combine various
v

vi
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polarizabilities (and multipole moments) in such a manner that the overall expression is origin independent. It does this successfully for transmission and
scattering phenomena (Chapter 5), but not for the dynamic material constants
(Chapter 4) or reflection phenomena (Chapter 6). Thus multipole theory in
macroscopic electromagnetism presents a rather puzzling picture.
Our purpose in writing this monograph has been three-fold. First, we intend
it as a detailed introduction to classical, quantum-mechanical, and symmetry
aspects of multipole theory in electromagnetism. We consider both a charge
distribution in vacuum and, by extension, bulk matter (Chapters 1 to 3). This
extension involves an averaging technique which yields the macroscopic multipole
moment densities; we do not discuss the details of this technique because there
are comprehensive treatments in the literature.
Second, we provide an account of some of the successes and failures of the
direct application of multipole theory to macroscopic media. This is presented
in Chapters 4 to 6 which deal with constitutive relations and transmission, scattering, and reflection phenomena. These chapters should be of interest and value
to the novice and experienced researcher alike, since the existing extensive literature is rather fragmented, sometimes misleading, and occasionally incomplete,
making it difficult to assess the state of this subject. For instance, one will search
the literature in vain for any demonstration, such as that of Section 6.8, of the
unphysical nature of the multipole theory of reflection from crystal surfaces.
In our selection of topics for inclusion in Chapters 4 to 6 we have omitted certain standard applications of multipole theory, such as those in electrostatics and
magnetostatics, because these are available in several texts on electromagnetism.
Our third purpose in writing this monograph is to present an alternative to
the unphysical standard formulation of multipole theory for macroscopic media. We exploit the non-uniqueness of the response fields D and H in Maxwell's macroscopic equations to construct a transformation theory for these fields
(Chapter 7). This transformation theory is designed to restore the translational
invariance of the theory, thereby changing unphysical multipole constitutive relations into unique, physically acceptable relations. It also modifies expressions
for macroscopic multipole moment densities in a desirable manner and restores
the Post constraint for the magnetoelectric tensors (Chapter 8). In Chapter 9 we
show that this transformation theory retains the good features of the standard
formulation of multipole theory, as exemplified by its application to transmission
phenomena, while it removes the undesirable features of this theory, such as its
unphysical consequences for reflection phenomena.
The required background for reading this monograph is a knowledge of introductory electromagnetic theory (including Maxwell's equations in vacuum),
and introductory non-relativistic quantum mechanics (in the Dirac formalism
and including perturbation theory). A reader who is already acquainted with
multipole theory, and who is interested in the unphysical aspects of this theory
and their resolution, may commence reading at Chapter 4. To assist the reader,
a glossary of symbols is provided at the end of the book.
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The content of this book, in part or in whole, should appeal to a broad
spectrum of scientists: to physics students wishing to advance their knowledge
of multipole theory beyond the treatment offered in texts on electromagnetism;
to optical and molecular physicists, researchers in ellipsometry, physical and
theoretical chemists who conduct research related to multipole effects; to solid
state physicists studying the effects of static and dynamic fields in condensed
matter; to engineers with interests ranging from microwave effects in synthetic
chiral and other materials to free-space radiation; and to applied mathematicians
developing theories of anisotropic materials.
The advent of increasingly powerful computers and computational techniques
has brought a most interesting development. Recent ab initio numerical calculations by several researchers have shown that the accurate evaluation of rather
complicated polarizabilities and hyperpolarizabilities is now feasible. These studies provide strong support for the multipole approach (Sections 5.11 and 5.12). It
is likely that the combination of experiment, theory, and computational research
will lead to further progress in the understanding of complex electromagnetic
systems. We therefore hope that our book will stimulate interest in this topic
among students of physics, chemistry, and mathematics, and that it will assist
computational physicists and chemists wishing to work in this area to acquire
the necessary background in multipole theory.
Each field of endeavour has a beginning, even if serendipitous. For one of
us (RER) there were the immediate inspiration and solid foundation provided
by Professor David Buckingham, CBE, FRS, to his first research student in
the field of multipoles and their applications. David's ongoing interest in the
molecular physics group at the University of Natal 1 has been a source of much
encouragement. Some of the material in this book draws on the collaborative
research undertaken over many years with Dr. Elizabeth Graham and Professor
Clive Graham and a succession of excellent research students. Their contributions
are gratefully acknowledged.

Pietermaritzburg, South Africa
May 2004

R. E. R.
O. L. de L.

1
The University of Natal merged with the University of Durban-Westville on 1 January
2004 to become the University of KwaZulu-Natal.
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1
CLASSICAL MULTIPOLE THEORY
And mighty folios first, a lordly band,
Then quartos, their well-order'd ranks maintain,
And light octavos fill a spacious plain;
See yonder, ranged in more frequent rows,
A humbler band of duodecimos.
George Crabbe
(The library)
In this chapter we present an introduction to classical multipole theory. This
is first discussed for electrostatics (Sections 1.1-1.5) and magnetostatics (Sections 1.6-1.9). Multipole expansions of the scalar and vector potentials for timedependent charge and current distributions are derived (Section 1.10), together
with their far- and near-zone limits (Section 1.11). Macroscopic media are considered in Section 1.12, where the macroscopic multipole moment densities are
introduced, and it is shown how bound charge and current densities can be expressed in terms of these multipole moment densities. This leads to a discussion
of Maxwell's macroscopic equations and expressions for the response fields D and
H in terms of multipole moment densities (Section 1.13). The use of primitive
versus traceless moments is discussed in Section 1.15.
Multipole expansions are represented by infinite series such as (1.3), (1.47),
(1.76), (1.78), (1.118), and (1.119). In this book, the highest multipole order to
which we present explicit results is electric octopole-magnetic quadrupole. There
are two reasons for this. First, this is the highest order to which physical effects
have been studied (Section 2.12 and Chapter 5). Second, working to this order
is useful in elucidating aspects of the theory (Chapter 4).
1.1

Multipole expansion for the potential of a finite static charge
distribution

We consider a finite, continuous distribution of charge in vacuum, and choose an
origin of coordinates O inside the distribution. The charge inside an infinitesimal
volume element dv is /o(r) dv where p is the charge density and r is the position
vector of dv (see Fig. 1.1). Let P be a field point with position vector R. The
electrostatic potential at P is

1
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FIG. 1.1. Coordinates and notation for a finite, continuous charge distribution.
where, for a distribution of volume V, we have taken the zero of potential at
infinity. Next, we consider a distant field point (R ^> r) and expand

where in the last step we have used the binomial expansion and grouped terms
in powers of r.
From (1.1) and (1.2) we obtain the multipole expansion for the electrostatic
potential at P relative to the origin O

Here 6ij is the Kronecker delta function (6ij = 1 if i = j, Sij = 0 if i ^ j)
and q, p-i, q-ij, q-ijk, • • • are electric multipole moments, relative to the origin O,
defined as follows:

is the zeroth moment, or electric monopole moment,
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is the first moment, or electric dipole moment,

is the second moment, or electric quadrupole moment,

is the third moment, or electric octopole moment, and so on. In (1.3) we have
introduced a notation which will be used throughout this book: a subscript
i, j, . . . (= 1, 2, or 3) denotes a component of a Cartesian tensor, and a repeated subscript implies summation from 1 to 3. In (1.3) we have written the
expansion explicitly to electric octopole order. (A reader who is unfamiliar with
Cartesian tensors may find it helpful to refer to Section 3.3.)
For a finite, discrete charge distribution with N charges <?(") (a = 1, 2, . . . , N)
located at positions r( a ) one starts with

instead of (1.1). (Here we have, for clarity of notation, used a superscript a
to label the charges: an alternative notation which is frequently used in the
literature assigns two subscripts to a vector—one labelling the particle, the other
its Cartesian component [1,2].) The result is the expansion (1.3) with

for the first four electric multipole moments. An alternative method of deducing
(1.9)-(1.12) uses the Dirac delta function: this function is defined by J(r) = 0 if
r =£ 0 and

if the region of integration includes the origin. If we replace /o(r) in (1.4)-(1.7)
with 2^=i <? (a) <Kr - r ( a ) ) for a discrete distribution, we obtain (1.9)-(1.12).

4
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The electric field E = -V$ can be found from (1.3). Writing Et = -d^/dRi
we obtain

The expansions (1.3) and (1.13) show that:
(i) Each multipole contributes separately to the potential and field at an external point.
(ii) Each multipole behaves as if it were located at the origin. This is because
its contribution to the potential and field contains, apart from the moment
itself, only R, the displacement of the field point P from the origin O.
(iii) The potential and field due to each multipole depend not only on its moment and on its distance R from the field point, but in general also on its
orientation relative to R. For example, the dipole contribution in (1.3) and
(1.13) contains Rj,pi = RpcosO, where 9 is the angle between R and p.
(iv) The fl-dependences of the potential and field, respectively, are charge: R^1
and R~2; dipole: R~2 and R~3; quadrupole: R~3 and R~4, etc.
(v) At sufficiently large distances (distance 3> dimensions of charge distribution), the potential and field are dominated by the leading non-vanishing
term in 1/R, all higher-order terms being negligible. Associated with the
leading non-vanishing term is a unique multipole moment independent of
choice of origin (see Section 1.2). Thus, at a distant point the SO^ ion behaves like a charge, HC1 like a dipole, CC>2 like a quadrupole, CH4 like an
octopole, etc., even though each has higher moments. If the distance to the
field point is not sufficiently large, then higher-order moments contribute
as well.
(vi) The potential and field external to a neutral spherically symmetric charge
distribution are zero.
We will refer to (1.4)-(1.7) and (1.9)-(1.12) as primitive moments to distinguish them from traceless moments which can be constructed for all terms
beyond the electric dipole. For example, a commonly used definition of a traceless electric quadrupole moment is [1,2]

Since 6a = 3 we see that QH = 0 as desired. According to (1.14), the quadrupole
contribution to the potential (1.3) can be written as

Thus the term involving the trace q^k in (1.14) does not contribute to the potential, and one can use either the primitive moment q,ij or the traceless moment 0^-
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to calculate the quadrupole contribution to the potential, and hence the electric
field. Now q^ is symmetric and in general possesses six independent components,
whereas the traceless property of Q^ means that it possesses five independent
components. This reduction in the number of components is a consequence of
Laplace's equation [3].
Higher-order traceless moments can be constructed in a similar manner, for
example the traceless electric octopole moment [1,4]

Again, the traces of the primitive moment q^-fc in (1.15) do not contribute to
the potential (1.3), and one can use the traceless moment (1.15) to evaluate the
octopole contribution to the potential.
The above definitions of traceless multipole moments are those used in molecular and crystal physics. Alternative definitions occur in the literature, such as [5]
®*7 = Qij ~ 5 < ftfc<% : with this definition the electrostatic potential (1.3) and field
(1.13) are invariant under the replacement qij —> Qij. This property applies to
electric multipoles of arbitrary order, and is indicative of the fact that for a pole
of order 2e (I = 0, 1, 2, . . . ) in electrostatics, the electric multipole moment can
be represented by a symmetric, traceless tensor of rank I having 21+1 independent components rather than the ^(l + 1)(^+ 2) independent components
of the corresponding primitive moment [5]. Thus in electrostatics, primitive moments beyond the dipole provide more components than are necessary. A similar
property applies in magnetostatics (Section 1.6).
A convenient formulation of the theory of traceless multipole moments can
be given in terms of spherical harmonics. We do not discuss this formulation
here for two reasons. First, detailed accounts abound in the literature [3], [5-7].
Second, for the material presented in this monograph, it is more convenient to
work in a Cartesian basis. For example, the Cartesian basis is more suitable
for the derivation of macroscopic electrodynamics in multipole theory (Sections
1.10-1.13); for use in quantum theory of multipole moments and polarizabilities
(Chapter 2); and to determine the origin dependence of polarizability tensors
(Section 3.7). Use of this basis is also favoured in tables of space-time symmetries
of property tensors (Section 3.6).
We will return to the topic of primitive and traceless multipole moments
again in Section 1.15, particularly in relation to their role in macroscopic electromagnetism.
1.2

Dependence of electric multipole moments on origin

In general, electric multipole moments beyond the monopole depend on the
choice of origin. Consider, for example, an electric quadrupole moment and an
origin O displaced by d from O. The position vector of an element of charge p dv
relative to O is r = r — d. Thus the quadrupole moment (1.6) relative to O is

CLASSICAL MULTIPOLE THEORY
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where q and pi are the moments (1.4) and (1.5). (Equation (1.16) also holds
for the quadrupole moment (1.11) of a discrete charge distribution.) Thus the
quadrupole moment is independent of an arbitrary shift of origin only if the
monopole and dipole moments q and pi are zero. This may be generalized: only
the leading non-vanishing electric multipole moment is independent of the choice
of origin of coordinates. The matter of origin dependence of certain physical
quantities plays an important role in this book (see Chapters 3-9). For discussion of the origin dependence of electric quadrupole moments in relation to an
experiment to measure these moments, see Section 5.11.
1.3

Permanent and induced multipole moments

The permanent multipole moments possessed by the static charge distribution
/o(r) considered so far are denoted by

to distinguish them from the multipole moments in the presence of an applied
electric field. Consider first a uniform applied electric field. The charges in the
distribution will be displaced to new equilibrium positions different from their
field-free positions. The corresponding multipole moments (the total moments)
are denoted by
The differences
are termed the induced electric multipole moments—dipole, quadrupole, octopole,....
For a weak applied field one may assume that a given induced moment is
proportional to the field. Then, for an anisotropic charge distribution,

In these o^, known as the (dipole) polarizability, is a constant of proportionality
between the ith component of the induced dipole moment and the jth component
of the uniform field that induces the moment. A similar role is played by a^fc,
termed the quadrupole polarizability (or quadrupolarizability), and bijki, the
octopole polarizability.
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For a strong uniform field pi may be expanded in powers of the field

This was used by Buckingham and Pople [8] in a theory of the Kerr effect, in
which fyjk, 'Jijkit • • .were collectively termed hyperpolarizabilities [9]. Like GUJ
they are independent of the field and are thus properties of the unperturbed
charge distribution. Similar expansions may be made for q^, q^k, . . . . At this
stage equations (1.20)-(1.23) have only a phenomenological basis but they may
be formally derived by means of quantum-mechanical time-independent perturbation theory (see Chapter 2). In much of this book only a linear response to a
field, as in (1.20)-(1.22), will be assumed. An exception is the theory of the Kerr
effect in Chapter 5.
A non-uniform electrostatic field also distorts a charge distribution, thereby
inducing multipole moments. To electric octopole order the total moments may
be expressed as (see Section 2.2)

The tensors Oijk, bijki, &ijk, • • • are als° properties of the undistorted distribution. They are referred to collectively as polarizabilities. If a charge distribution
is unaffected by an applied field, it is said to be non-polarizable or rigid.
In (1.24)-(1.26) it is assumed that the field is slowly varying inside the distribution; the field and its gradients are evaluated at the origin at which the
point multipoles are located in the distribution. Again these expressions may
be derived by means of quantum-mechanical perturbation theory, and this also
yields explicit expressions for the polarizability tensors (Chapter 2), from which
any intrinsic symmetry of tensor subscripts and relationships between certain
tensors may be deduced. Thus (see Sections 2.2 and 2.7)

1.4

Force and torque in an external electrostatic field

We consider a discrete charge distribution in an electrostatic field which is slowly
varying. In the expression for the total force on the distribution

